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Abstract 



We investigate the full set of equations of motion in double field theory and discuss their 
0(D,D) symmetry and gauge transformation properties. We obtain a Ricci-like tensor, its 
associated Bianchi identities, and relate our results to those with a generalized metric formu- 
lation. 
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1 Introduction and Summary 

T-duality [I] is a property of string theory that arises from the existence of momentum and wind- 
ing modes in toroidal compactification. This symmetry is captured by double field theory [2], which 
doubles the set of coordinates: the usual coordinates x l associated with momentum states are supple- 
mented by coordinates x,{ associated with winding states. The theory describes the massless subsector 
of closed string theory focusing on gravity gy, antisymmetric tensor and dilaton fields d, all of 
which depend on x l and X{. With i,j = 1,2, ••• , D double field theory has a continuous 0(D,D) 
symmetry^ The constraint Lq — L$ = of closed string theory has a field theory implication: did 1 = 
for all gauge parameters and fields. The strong version of this constraint requires that did 1 = for all 
possible products of gauge parameters and fields. Such constraint was imposed in [3] and [3]. 



lr To be more exact, 0(D, D) symmetry is the symmetry of double field theory when formulated in non-compact 
spacetime R 2D . For spacetime R" -1 ' 1 xT d , where R" -1 ' 1 is n-dimensional Minkowski space and T d is a torus, the 0(D, D) 
symmetry breaks to 0(n — 1, 1) x 0(d, d; Z). Since our notation covers both the non-compactified and compactified cases, 
we will refer to the symmetry of either case as 0(D, D). 
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The background-independent double field theory action [4] is written in terms of Sij = gij + by 
and the dilaton d. The action is given by 



/ 



dxdx e 2d 



+{V l d Vi£ij + V l d T>i£ji) + 4D*d V { d 



XD 



where the calligraphic derivatives are defined as follows: 

Vi = 3i- £ lk B k , f>i = di+ £ ki d k . (1.2) 

All upper indices are lowered by gij = \{£%j + £ji) and lower indices raised by <? Jjf = (g%j)~ l - The 
action is invariant under (large) 0(D,D) transformations that act as follows: 

£'{X') = (a£(X) + b)(c£(X) + d)" 1 , d'(X') = d(X) , X' = hX , h = ( ° J J € 0(D, D). (1.3) 

The gauge transformations which leave the action invariant are given by 

SSij = Viij - Vjli + Z M d M Sij + Vi£, k £ kj + V^ k £ ik , 

1 (1-4) 
W = -^d M ^ M + ^ M d M d, 

where £ M 9 M = + and 9 M £ M = $f + 9*6 • 

Using the strong version of the constraint, the action (jl.ip is also invariant under the following 7L<i 
transformation: 

Eij^Sji , Vi^Vi , Vi^Vi , d^d. (1.5) 
The action (jl.ip can be rewritten in a manifestly 7Li symmetric way. (See (|2.23[) . ) 

In this paper we investigate the invariance and the equations of motion of the action (jl.ip . We 
focus on the 0(D, D) symmetry and the gauge transformations. By varying the action with respect 
to £, we first derive the Ricci-like tensor JC pq , whose vanishing is the equation of motion of £. The 
£- variation of the manifestly ^-symmetrized action gives the Z2-symmetric JC pq , which is given by 

fC pq = ^(V s V s £ pq + V s V s £ pq -2V s V p £ sq -2V s V q £ ps )-(V q V p d + V p V q d) 

+ -g^(V q £ pj V% k + -VqSik&Sjij + VpSjg&Ski + -VpSki&Sjq) (1.6) 

- lipSu^Spi + )p%{Di£ m + l&Sj^ViSji) - -^g^V^V^u. 

Here the 0(D,D) covariant derivatives V and V are defined as follows [4j: [§ 



Vifjj = Virjj - r| r\ k 
Vjrji = T>jT}i - r|. ry fc 



(1.7) 



2 These covariant derivatives should be employed when more than one calligraphic derivatives are needed. 
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where the Christoffel-like symbols are defined by 



(1.8) 

rf. = -^{ViSji + VjSu-ViEji) , r| = -g^v^. 

The theory has both unbarred and barred indices. The first index of £jj is unbarred and the second in- 
dex is barred. The index of T>i is unbarred while the index of T>i is barred. The indices of g lJ are either 
both unbarred or both barred. Throughout this paper, for notational simplicity we will not explicitly 
display whether an index is unbarred or barred. Two different types of indices transform differently 
under the 0{D,D) transformation thus contractions between same-type indices are 0(D,D) covari- 
ant. It is manifest that tC pq is 0(D,D) covariant from its index structure. However, it is generally 
not true that the ^-variation of an 0(D,D) tensor is an 0{D,D) tensor. Terms obtained from the 
direct ^-variation of the action (II. ip are not manifestly 0(D,D) covariant. They were manipulated 
to assemble in the manifestly 0(D,D) covariant form shown above. 

We derive the gauge transformation of JC pq from the gauge invariance of the action. The result is 
as follows: 

5K pq = C^ pq + Lf, pq + £ pk {d l i k - ~d k t)K, lq + £ lq {d l i k - ~d k t l )K, pk . (1.9) 

This result is rewritten in terms of 0(D,D) covariant derivatives and parameters in (|4.20j) . From this 
we infer that the gauge transformation of IC pq is manifestly 0(D, D) non- covariant. 

Contracted Bianchi identities can be derived from the gauge invariance of the action. We find 



VP-^gP s (p r £ sr +AV s d) 
V q -^g qs (V r £ rs + 4:V s d) 



JCpq + lVgK = 0, (1.10) 

K pq + -v p n = o. (l.n) 



These two Bianchi identities both reduce to the Bianchi identity in General Relativity when there is 
no x dependence. In this limit the equations of motion 7Z = and IC pq = also reduce to the equations 
of motion in General Relativity with gij, bij and a scalar field cf>, where e~ 2d = ^—ge~ 2 ^. This setup 
will be referred to as a conventional GR setup throughout this paper: the equations of motion and 
the Bianchi identity in this setup can be found in Appendix O 



Our results are closely related to those in a generalized metric formulation [5] . In this formulation the 
action (jl.ip is written in terms of the generalized metric J{ MN instead of £ pq . The direct variation of 
the action with respect to J{ MN gives the tensor JCmn, whose vanishing is not the equation of motion 
since % is a constrained field. IZmn is defined from K,mn by implementing the constrained variation, 
thus the vanishing of IZmn gives the correct equation of motion. The gauge transformations of TZmn 
or Kmn were not explicitly discussed in [5]. We first prove that TZmn is a generalized tensor while 
JCmn is not. Following [9], reference [5] also discussed the vielbein formulation of the double field the- 
ory whose frame fields e M a implement a local GL(D,M) x GL(D,M) symmetry. By gauge-fixing this 
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symmetry, this formulation can be written in terms of £. We show that 1Z a i = e aR-MNZ l exactly 
coincides with — K. a i given by fjl .6|) after appropriate gauge fixing of the local GL(D,M) x GL(D,U) 
symmetry. Finally using the gauge transformation property of a generalized tensor, which is given by 
the generalized Lie derivatives C^, we find another way to derive the gauge transformation (|1 .9j) of KL pq . 

For many derivations in this paper, the invariances of the theory play crucial roles. The 0(D,D) 
invariance of the action directly gives the result that fC pq is 0(D,D) covariant. The gauge transfor- 
mation of K,p q can be derived from the gauge invariance of the action. Even in the generalized metric 
formulation, gauge invariance is a key to understand that TZmn is a generalized tensor. 

2 £- variation of Double Field Theory Action 

In this section we start with the review of early works to provide definitions and formulas that we 
need for the rest of this paper. We then vary the double field theory action with respect to £ to obtain 
K.p q , whose explicit form was given in (|1.6|) . KP q is defined by varying the action with respect to £ pq 
as follows: 

5 £ S = J dxdx e- 2d 5£ pq fC pq . (2.1) 

Then JC pq is defined by lowering indices of JC pq with g^, i.e. K pq = g p kdqiK- kl ■ The 0(D, D) covariance 
of this tensor KL pq will be shown from the 0(D, D) invariance of the action and from the theorem about 
the general 0(D,D) structure of the ^-variation of an 0(D,D) tensor. We conclude this section by 
displaying the relation of K, pq to the Ricci tensor. 

2.1 Review of previous works 

Following the early work of Tseytlin [8] and Siegel [3 [10], the work in [2] constructed the perturbative 
double field theory action up to cubic order. By imposing the strong version of the constraint, it was 
pointed out in [3] that the gauge algebra of double field theory reduces to the Courant bracket and 
more recent work in [3] provided the fully background-independent double field theory action. The 
most recent paper [5] introduced the generalized metric formulation and found much simpler expres- 
sions for the double field theory action and the Ricci-like tensor. Some definitions and formulas needed 
for the rest of this paper will be displayed below. 

To achieve background independence, the strong version of the constraint was imposed [4]: 8 m 8m 
kills all possible products of fields and gauge parameters in the theory i.e. d M 8m (AB) = for any A 
and B% The constraint is equivalent to d M Ad]\jB = and this can be written in terms of calligraphic 
derivatives as follows: 

V % AV l B = ViA&B. (2.2) 

3 By imposing this constraint, the field space is truncated into the null subspace of double field theory and the gauge 
symmetry reduces to diffeomorphism and 6-field gauge transformations on that subspace. 
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We mentioned that there are two different types of indices transforming differently under the 0(D, D) 
transformation. More generally an 0(D, D) tensor with lower indices T iv „ ip transforms as follows: 

V-w.-ioW = M ^ kl ■ ■ ■ M * P kp M- n h ■ ■ ■ %%... M v-r 8 ( x ') > (2-3) 

and an 0(D,D) tensor with upper indices U l1 '" 1 p^ 1 "^i transforms as 

jjh-ipji-h^x) = u'ki~kpM"h(x') {M~ l ) kl h ■ ■ ■ (M~ 1 )fc p *»'(M~ 1 ) fl 51 • • • (M~ 1 )iJ q . (2.4) 

Here M and M are defined by 

M(X) =<?- S(X)<* , M(X) = d l + E\X)c t . (2.5) 

While the matrices M and M _1 depend on X (not X'), this dependence is omitted in (|2.3p and (|2.4p . 
We will not display the X dependence of M and M _1 explicitly throughout the paper. 

In [5] the double field theory action (II. ip is rewritten in terms of the generalized metric "H and 
the dilaton d. The action in this formulation is given by 



(2.6) 



dxdx e - 2d (\n Mh r d M n KL d N H K L - lu MN d N u KL d L u M K 
-2d M dd N n MN + m MN d M dd N dj . 

The explicit form of T~L is written as 

V ~( ^ ~ gikhj ) (2 7) 

\ b ik9 J 3ij - 0ik9 Olj ) 

JCmn is defined by varying the action with respect to H: 

5 n S = J dxdx e- 2d 6H MN JC M N ■ (2-8) 
The explicit form of K,mn is given by [5] 

Kmn = ldMU KL d N UKL-- A {dL-2{d L d)){U LK d K UMN) + 2dMd N d 

o 4 

-\d{Mn KL d L H N)K + \{d L - 2(d L d))(n KL d {M H N)K + n K {M d K n L N) ) , 

where indices are lowered and raised with the constant 0(D,D) invariant metric ijmn = ( ^ q 

Ti is a constrained field satisfying 'H.rfH. = t]" 1 . By implementing the constraint for H in the variation 
(|2.8p . TZmn is defined by (4.57) of [5] (in matrix form): 

U=-(l- + 5) + -(1 + 5*)/C(l - 5) . (2.10) 



(2.9) 
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A generalized tensor Am n is denned in [5] to have the following gauge transformation properties: 



where the generalized Lie derivatives C are defined as follows: 

^A M N = fd P A M N + {d M f - d P d M )A P N + (d N d P - d P e)A M P . 



N 



(2.11) 



(2.12) 



The definitions and formulas in the vielbein formulation will be introduced in section [5] since they are 
only needed in the last parts of the section. 

2.2 0(D,D) covariance of K, pq 

T-duality is the well-known global symmetry of closed string theory on a torus. This symmetry be- 
comes enlarged to a continuous 0(D, D) symmetry for the massless subsector that we are considering. 
The 0{D,D) symmetry is implemented in the double field theory action (jl.ip . Here we demonstrate 
the 0(D, D) covariance of JC pq using the 0(D, D) invariance of the double field theory action. 

For some given background field £, one can define an arbitrary variation S£ such that £' = £ + 5£ . 
Consider an 0(D, D) transformation h as follows: 



h 



a b 
c d 



£^£ h = (a£ + b)(c£ + d)" 1 , £' -> £' h = (a£' + b)(c£' + d)- 1 
X — > X h = hX , d — » d h = d. 



(2.13) 



While £ pq is not an 0(D,D) covariant object, the variation 5£ pq is. [3] We can thus use (|2.3p for the 
0(D, D) transformation of 5£ as follows: 

5£ h (X h ) ee £' h (X h ) - £ h (X h ) = M~ 1 6£(X)(M t )~ 1 . 

The definition of K pq (gl]) gives 



(2.14) 



S[£',d] - S[£,d] = J dxdx e - 2d 5£ pq IC pq = J dxdx e~ 2d Ti 



(<5£(X))*/C(X) 



(2.15) 



Under the 0(D,D) transformation h, K, transforms to /C^. Then the following equality holds for the 
transformed action: 



S[£' h ,d]-S[£ h ,d] 



dxhdxh e 2d Tr 



dxhdxh e 2d Tr 



(5£ h (X h )YlC h (X h 
M- 1 (S£(X))\M l )- 1 K h (X h ) 



(2.16) 



The 0(D,D) invariance implies that the left hand side of (|2.15|) and (|2.16|) are equal. Since dxdx = 
det[h]dxhdxh = dxhdxh (measure is invariant under the 0(D,D) transformation), this equality gives 







dxdx e 2d Tr 



dxdx, e 2d Tr 



(5£(X)Y)C(X) - M- 1 (5£(X)) t (M t )- 1 IC h (X l 



(SS(X)Y{K(X) - (M^fChiX^M- 1 ) 



(2.17) 



G 



Since 5£ is arbitrary, this shows the 0(D,D) covariance of /C: 



JC(X) = (M t )- L K h (X h )M- L . (2.18) 



The first index of fC pq transforms with M _1 and the second index transforms with M _1 . With ([27 
we conclude that KP q is an 0(D,D) tensor with two upper indices, where the first index is unbarred 
while the second index is barred. From the definition, K, pq is obtained by lowering indices of JC pq with 
gij, hence K, pq is also an 0(D,D) covariant tensor, with the first index unbarred and the second index 
barred. 

2.3 Alternative explanation of 0(D,D) covariance 

The ^-variation of an 0(D,D) tensor is generally not an 0(D,D) tensor. This can be seen from the 
following simple example: 

S £ Vid = -5£ ik d k d = ^5£ ik (V^d - V k d) , (2.19) 

where the underlined term is 0(D, D) non-covariant because of the inappropriate contraction between 
a barred and an unbarred index. However, an object resulting from the £ -variation of an 0(D,D) 
tensor has some general 0(D, D) structure. In this section a theorem on the general 0(D, D) structure 
of ^-variations will be proven. The 0(D,D) covariance of fC pq follows from this theorem. A detailed 
proof of the theorem can be found in Appendix iBl 

Theorem. The £-variation of any 0(D,D) tensor T (with both upper and lower indices) has the 
following 0(D,D) structure: 



all unbarred all barred 

lower indices k lower indices k ^2 20) 

- £ \5£ pq g qk T^- £ l -5£ pq g pk T^ + {0(D,D)), 

all unbarred all barred 

upper indices k upper indices k 

where Tr k ^n is the tensor T with the lower index k replaced by the index I and J 1 ^-^} i s fa e tensor 
T with the upper index k replaced by the index I. The sums above are 0(D,D) non-covariant terms. 
The term (0(D,D)) represents 0(D,D) covariant terms. 

Proof. See Appendix IBl 

This theorem states that the ^-variation of an 0(D,D) covariant tensor generally has 0(D,D) non- 
covariant terms. Since there is no index for an 0(D,D) scalar, by the theorem, the ^-variation of an 
0(D,D) scalar does not have any 0(D,D) non-covariant term. This leads to the following corollary: 

Corollary. The £-variation of any 0(D,D) scalar is an 0(D,D) scalar. 



4 One feature of this theorem is that non-covariant terms are invariant under the Z2 transformation 1)1. 5|) if the tensor 
T is invariant under Z2 transformation. In case T does not have the Z2 symmetry, the structure of non-covariant terms 
is still preserved. 
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The Lagrangian C of the double field theory is an 0(D, D) scalar thus the £- variation of the Lagrangian 
must be an 0(D, D) scalar. The direct ^-variation of the Lagrangian C takes the following form: 



8 E C = 6£ pq T™ + Vi{5£ pq )T^ q + V^E^T^ 



(2.21) 



Since 5£ pq , Vi(5£ pq ), and Vi(5£ pq ) are linearly independent and the sum of the terms above is 0(D, D) 
covariant, each T k for k = 0,1,2 must be separately 0(D,D) covariant. The definition (|2.ip of IC pq 
requires the integration by parts for the second and the third terms in (j2.2ip . The above ^-variation 
of the Lagrangian can thus be rewritten as 



5sC = 5£< 



i><i 



rnpq 
J 



\v k £ tk Tr + \v k £ kt rr 



+ (total derivatives) , (2.22) 



where each term within the brackets is an 0{D, D) tensor. The object in brackets is, in fact, JC pq thus 
we conclude that KP q is an 0(D, D) covariant tensor. The 0(D, D) covariance of g 13 then leads to the 
result that K pq is an 0(D,D) tensor. Furthermore, since each term of the action (either (jl.ip or the 
^-symmetrized action (|2.23p ) is an 0(D,D) scalar, the ^-variation of each term should separately 
yield 0(D,D) covariant terms. This can be explicitly seen in Appendix [Al 

The origin of 0(D,D) non-covariant terms in the ^-variation of an 0(D,D) tensor is from the vari- 
ation of the inverse metric g %:> , calligraphic derivatives T>, T>, and covariant derivatives V, V. Hence 
it follows that the d-variation of an 0(D, D) tensor does not yield such 0(D, D) non-covariant terms. 
These properties of the ^-variation and the d- variation of an 0(D, D) tensor will be used in section [J] 
to check the form of the gauge transformation of IC pq . 



2.4 Calculation of /C 



The manifestly Z2 symmetric form of the action (|l.ip can be written as follows: 



dxdx e 



-2d 



- A 9 lk 9 jl (\vV£ kl V p £ i3 + \v p £ kl V p £ i3 ) + \g k \V 3 £ lk V l £ 



4" 3 V2 "* " J 2 F J J 4* 

V3£ k {D%j) + (D*d &£ i3 + VH £%*) + 2(X>*d V t d + &d Vd) 



(2.23) 



This action is equivalent to (jl.ip using the constraint (|2.2p . The ^-variation of the action (|2.23[) gives: 

1C pq = ^g^HWsSij + V s V s £ij - 2V s Vi£ sj - 2V s V 3 £ is ) - g^g^iyp.d + V^d) 

+ \gV l gi\V q ZiP%k + \f) q E^ £ l3 ) + ^ l g* k (V p S j iD i S ki + ^^0%^ (2.24) 

- -^ k g q \V3£^£ kj + lp%{Di£ u + ip%^%) - -^ k g 3l V q £ lj V p £ kl , 

using the integration by parts. This JC pq is equivalent to that obtained from the ^-variation of the 
action (jl.ip . To see this more clearly, consider the constraint (|2.2p . By taking the £ -variation on both 
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sides, one obtains 



5 £ {ViAV^^j = VifoAj&B + ViAD'faB) - -6£ pq V p AV q B + V q AV p B , (2.25) 

5 £ (ViA&B^j = f>i {S e A)&B + ViAV 1 (6 £ B) - -S£ pq V p AV q B + V q AV p B , (2.26) 

which are equivalent up to the constraint. This justifies the equivalence of K vq obtained from the 
actions CCEJ) and (ET231) . 

Under the Z2 transformation, KP q defined in (|2.24p transforms as follows: 

KP q -> K qp , 

which implies that the field equation JC pq = is Z2 invariant. This symmetry becomes manifest since 
we have the following Z2 transformation properties of V and V: 

Vi -> V, , Vi -> V< • (2.27) 

We obtain (jl.6p by lowering indices of (|2,24p using , which concludes the determination of JC pq . All 
detailed calculations are included in Appendix [Al 

From the arguments in section I2T21 and [2T3l )C pq given in (|2.24p is an 0(D,D) covariant tensor. More- 
over, it can be easily seen that each term in K? q is manifestly 0(D, D) covariant. This is due to 
the contractions between appropriate indices i.e. contractions between barred (unbarred) indices and 
barred (unbarred) indices respectively. 



When there is no x dependence, tC pq should reduce to an object which transforms covariantly under 
diffeomorphisms in a conventional GR setup. With some lengthy calculation, we obtain the following 
explicit form in this limit: 



K. 



d=0 



R 



I'll 



+ — H p H qrs 2VpVq^ 



+ 



-V S H 



spq 



n spq v 



(2.28) 



where R pq is the Ricci tensor, Hijk = 3d^bj^ is the field strength, and <f> is the scalar dilaton. Note 
that the terms in the first square bracket are symmetric under the exchange of p and q, while the 
terms in the second square bracket are antisymmetric under the same exchange of indices. 



3 Bianchi Identities and Equations of Motion 

A contracted Bianchi identity can be derived in a few different ways. One derivation is starting from 
the Bianchi identity of the Riemann curvature tensor and then contracting it. Since we have no notion 
of a Riemann-type tensor in double field theory so far, we will use another way to derive a Bianchi 
identity, which uses the gauge symmetry of the action. 
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The equations of motion in double field theory are simply 1Z = and JC pq = 0: the former is the 
equation of motion for dilaton d and the latter is the equation of motion for £. Since 1Z was explicitly 
derived in [3] and the limit case of no x dependence was investigated in the same paper, we will focus 
on KLpq especially in the limit of no x dependence. Our results in the limit of no x dependence will be 
compared with those in a conventional GR setup, which can be found in Appendix O 

3.1 Derivation of Bianchi identities 

Bianchi identities in double field theory can be derived from the gauge symmetry of the action (jl.ip . 
The gauge transformations of £ and d are given by the following manifestly 0(D,D) covariant form: 

8£in = Vify + Vjiji, (3.1) 

\ . 1 /_ i \ . 

(3.2) 



Sd 



)fj 



where rji = — + £ij£ 3 and fji = £j + £ji& ■ Note that in the limit of no x dependence, these gauge 
transformations reduce to the gauge transformations (|C.3P in General Relativity. The statement of 
gauge invar iance is as follows: 

S[£ + 5£,d + Sd] = S[£,d] , 

where 5£ and 5d are given by (|3.ip and (|3.2p . respectively. 
The variation of the double field theory action (jl.ip is 



(3.3) 



SS = 5 £ S + 5 d S = J dxdx e- 2d 8£ pq K? q + j dxdx 



-2d i 



-25d)K 



dxdx e 



-2d 



(3.4) 



Vp^ACM + i (v q - X -{W£ vq + W q d) 



Then using the integration by parts we obtain the following: 

/ dxdx e~ 2d 



'{( 



1 



v 9 - \g qs {v r £ rs + Av s d))ic pq + l -v p n 



1 



fj q < ( V p — -g ps (V r £ sr + AV s d))K pq + -V q U 



(3.5) 



From the gauge invariance principle (|3.3p . the above variation should vanish for arbitrary gauge pa- 
rameters rj and fj. Since rj and fj are independent, this yields the two independent Bianchi identities 
given in (jl.lOp and (jl.lip . which have forms similar to the contracted Bianchi identity in Appendix 

o 



3.2 The limit of no x dependence 

Here we first compare our equations of motion in the limit of no x dependence with those in a 
conventional GR setup. In this limit, the calligraphic derivatives defined in (II. 2p simplify as 

Vi=Vi = di . (3.6) 
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The equation of motion for £ in the limit of no x dependence is obtained by taking (|2.28[) to be zero. 
It is easy to see that this equation of motion is covariant under diffeomorphisms. Since the terms in 
the first square bracket are symmetric and the terms in the second square bracket are antisymmetric, 
the first and second square brackets should vanish separately 



-H . 



(3.7) 



In this limit the 0(D, D) Ricci-like scalar is given in [3] as follows: 

K _ = ^ + 4(V'v^- W) 2 )-^r- 

(9=0 Iz 
Thus the equations of motion of double field theory in the limit of no x dependence are summarized 

1 



as 



H™H jpq + 2V, V 



I v js 



\v p H pij - H pij W<P 
R + 4(V 4 V,^ - (d^) 2 ) - ^H 2 



0. 
0. 
0. 



(3.8) 



In this limit, it can be directly seen from Appendix [C] that the second and third equations of motion 
given in (|3.8p are exactly the same as those for the antisymmetric tensor bij and the scalar <j> of General 
Relativity, respectively. However, the first equation in (|3,8p is different from the equation of motion 
for gij in Appendix O This difference originates from the definition of a density in double field theory 
as compared to General Relativity. Since e~ 2d = \/—ge~ 2r ^, the g^- variation gives some extra terms 
in General Relativity due to the y/—g factor in front of the exponential term. Due to this fact, a 
linear combination of the equations of motion for gij and eft yields exactly our first equation in (13. 8p 
as follows: 



Ri 



+ 2 9ij 



R + 4[V 2 (p- (dej))' 



1 
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-H 2 



Rij + 2ViVjt 



1 



(3.9) 



Hj pq Hj 



3P1 



0. 



Now we can take this limit for the Bianchi identities of 0(D,D) tensors (jl.lOp and (jl.lip . With no 
x-dependence these Bianchi identities respectively reduce to 



s H spq + ( Ih, 



L qrs 



1 

12 



VnH 2 



( ^H q rs V q H prs - -^V P H 2 



+ 



+ 



V p Rp q + \v q R 



V q R Pg + \v P R 



0. 



0. 



(3.10) 



(3.11) 



The first terms in ()3.10|) and ()3.11|) vanish from the symmetries of the Ricci tensor and the Riemann 
curvature tensor as follows: 



V' l WH ijk = Iv.V II,,, I V,.V///" ; , 



R l lijH l ^k + R^lnH ll k + RklijH 1 ^ 



lij 



Uij-> 



(3.12) 
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where the first term and the second term in the last line vanish due to the symmetric property of 
Ricci tensor, while the last term in the last line vanishes due to the Bianchi identity of the Riemann 
curvature tensor, Rmjk] = 0. 



The second and third term in (|3.1U|) cancel each other from the Bianchi identity of -ff-field as fol- 
lows: 

= HP rs V [p H rsq] = 1 \H^ 8 V p H qrs - \^ q H 2 ^ , (3.13) 
where the square bracket for indices means antisymmetrization. The same cancellation applies to 

flUU) . 

The Bianchi identities (|3.10p and (|3.1ip in the limit of no x dependence then reduce to 

VRy - \VjR = , (3.14) 
which is the contracted Bianchi identity in General Relativity. 

4 Gauge transformation of K, pq 

The 0(D,D) tensor JC pq derived in (|2.28p has unusual gauge transformation properties. In this sec- 
tion we again use the gauge invariance of the double field theory action (II. ip to obtain the gauge 
transformation of fC pq . Then we offer some remarks on the gauge transformation of K, pq . The gauge 
transformation of JC pq is also discussed in the next section using the generalized metric formulation. 

4.1 Gauge transformation from the gauge invariance principle 

Consider the gauge transformation with gauge parameters £ and £. Prom [4] we have the following 
gauge transformation of £: 

SaSij = - 0*6 + C&j + Cf l3 + £ ik (B^ k - B k e)8 qj , (4.1) 

which is equivalent to the first equation in (jl.4p . Here 6q is used to distinguish the gauge transforma- 
tion from an arbitrary variation S, which appears later. Now define T kq = d q £ k - d k £ q such that the 
above gauge transformation of £ can be written as 

S G £ij = diij - djii + C&j + Ufa + £ ik T kq £ qj . (4.2) 

Consider an infinitesimal variation 5£ for some background field £ such that £' = £ + 5£ . The 
statement of gauge invariance implies, 

6 G (s[£',d]-S[£,d]) =0, (4.3) 

which can be rewritten as follows: 



So 



dxdx e- 2d 5£ pq )C pq 



J dxdx 5 G {e~ 2d y£ pq KP q + e- 2d 5 G (8£ pq KP q 



0. (4.4) 
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It can be easily seen that (|4.4p holds if 5 G (5£ pq )C pq ) = £ 8m (8£ pq JC pq ) since e 2d transforms as a 
density under gauge transformation. Since the gauge transformation 5 G is a linear operation, we have 



S G 8£ pq KP q )=5 G 5£ m KP q + 5£ pq 5 G KP q . 



Then one can write 5 G IC pq as 

5 G KP q = 5K, pq + pq , 

where 5K, pq is the part of the transformation that gives the desired result for 5 G (5£ pq IC pq ): 

S G (5£ pq ) K, pq + 5£ pq 5K, pq = ^ M d M (5£ pq K, pq ) . 
Using this decomposition, f|4.5|) gives 

S G (5£ pq K pq ) = e'dM {5£ pq K, pq ) + 5£ pq pq , 
where 8 pq , on account of (|4.4p . should satisfy 

dxdx e- 2d 5£ pq 9 pq = . 



(4.5) 
(4.6) 

(4.7) 
(4.8) 

(4.9) 



Since 5£ is arbitrary 9 pq must vanish. This finally shows that the gauge transformation of KL pq is 
given by 

8£ m 8 G KP q = i M d M (sSpgK?*) - 8 G (5£ pq ) KP q . (4.10) 
From (|4.2p the gauge transformation of 5£ pq is 

S G (5£ pq ) = 5 G (£' pq - £ pq ) = C^5£ pq + £^£ pq + S£ pk T kl £ lq + £ pk T kl 5£ lq . (4.11) 

Thus one can write 



5£ pq 5 G K, pq = e i d M (5£ pq lC pq 



C^8£ pq + C^5£ pq + 5£ pk T kl £i q + £ pk T Kl 5£i q 



-<kl j 



K pq . (4.12) 



From £ M d M (8£ pq lC pq ) = £ ( (5£ pq lC pq ) + £^5£ pq lC pq ), one obtains 



5£ pq 5 G IC pq = 5£ 



!'<! 



C^lC pq + L-X pq - T ql £ lk K pk - T kp £ lk K lq 



Then we find the gauge transformation of K, pq as follows: 

5 G IC pq = L i X pq + LfP q - T ql £ lk K? k - T kp £ lk K} q . 



(4.13) 



(4.14) 



Given the gauge transformation of fC pq , it is straightforward to derive the gauge transformation of K pq 
once we know the gauge transformation of gij . The gauge transformation of gij = \{£ij + £ji) can be 
directly calculated from the gauge transformation of £ij (|4.2p . as follows: 



8 G 9ij = £-£9ij + £^9ij + « (,£ikT kq £ q j — £ k iT kq £, 



'31 ; ' 



(4.15) 
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(4.16) 



where the property T kq = —T qk is used. Finally we find the gauge transformation of K, pq from the 
definition fC pq = gpilC 13 gj q . The result is given by 

S G K, pq = 5 G g pi lC j gj q + g P i5 G IC lj g jq + g P iK,' lj 5 G g jq 
— C-^K, pq -\- C^KL pq -\- £ pk T KL[ q -\- £i q T fc p k ■ 

Thus the full gauge transformation of K, pq is given by 

5 G K pq = C 6 IC pq + + £ pk (d l t k - d k ^ l )K lq + £ lq (d l £ k - B k £ l )lC pk . (4.17) 

We explicitly checked the gauge transformation of IC pq with both perturbative calculations and non- 
perturbative calculations (along the lines of section 4.2 of [1]). From the perturbative calculation, we 
obtained the same result (|4.17p up to second order in gauge parameters and fields. Non-perturbative 
calculation provided the verification that a few terms in (|1.6p have the gauge transformation property 
given by (|4.17l) . 

4.2 Properties of gauge transformation of JC pq 

In the limit of no x dependence, the gauge transformation (|4.17p of K. pq reduces to 



S G K. 



— C,^fC pq 

5=0 



(4.18) 

3=o 



Hence, as expected fC pq reduces to a covariant tensor under diffeomorphisms. 

Now (|4.17p can be written in terms of 0(D, D) covariant derivatives and parameters. 0(D, D) covari- 
ant gauge parameters are defined as follows: 

m = ~li + ^ > fji^ii + Sji? , (4.19) 

where r] transforms covariantly under the 0(D,D) transformation with unbarred index while f\ trans- 
forms covariantly with barred index. The gauge transformation (|4.17p of tC pq can be rewritten in terms 
of rj, fj, V, and V as 

Sc)C pq = l(vV + v-V)JC pq + \(V q t- V fe ^)/C pfe + i(V p?? fc - V%)JC kq 

1 1 (4.20) 

+ ^g kl (^gVi + Vir)q)1C pk + ^g M (y p rii + Vir) p )K. kq , 

where underlined terms violate the 0(D,D) covariance hence 5 G fC pq is not 0(D,D) covariant. 
From the gauge transformation (|3.2p of the dilaton, one can manifestly see that Sd is an 0(D,D) 
scalar. Thus terms in 5 G K, pq related to the gauge transformation of d are 0(D, D) covariant. These 
terms are included in the first line of (|4.20p . Then underlined terms in (|4.20p . which are not 0(D,D) 
covariant, are from the gauge transformation off, which is given in (|3.ip . Thus 0(D, D) non-covariant 
terms in (|4.2Q[) can be written as follows: 

SclCpq = (o(D, D) covariant terms^) + ^g kl 8£ lq K, pk + ^g kl 6£ pl )C kq , (4.21) 

which is consistent with the theorem in section 12.31 
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5 Generalized metric formulation 



The work in [5] describes the background independent double field theory [3] using the generalized 
metric Ti. The action is defined in (|2.6[) and its %-variation ICmn is given in (|2.9p . By carefully 
varying the action with respect to Ti, preserving the constraint for Ti, TZmn is defined by (|2.10p whose 
vanishing is the equation of motion for the field Ti MN . Since this generalized metric formulation is 
just a different description of the work in [1] with the same constraint, TCmn and TZmn must be closely 
related to our TC pq . This relation is more clear in the vielbein formulation of Siegel [9l[T0] as elaborated 
in [5]. In this formulation the frame field e M a was introduced to define frame components of a tensor 
with the usual vector indices M, N, ■ ■ ■ . By fixing the GL{D, R) x GL(D, R) symmetry of the frame 
field, the generalized metric formulation with Ti can be written in terms of fy. 

We will first start with the gauge transformation properties of ICmn and IZmn and show that TZmn 
is a generalized tensor. Then we will prove the equivalence (up to a sign) between 1Z a i = e^TZMN^z 
and our JC a i defined in ()1.6|) after gauge-fixing the GL(D,M) x GL(D,M) symmetry. Finally we give 
another derivation of the gauge transformation of JC pq using the gauge transformation properties of a 
generalized tensor. 

5.1 Proof that TZmn is a generalized tensor from gauge invariance principle 

Here we first investigate the gauge transformation property of ICmn then prove that TZmn is a general- 
ized tensor from this property. Consider background fields Ti' and Ti which are related by Ti' = Ti+5Ti. 
The gauge invariance of the action (12.6P implies 

S[H', d] - S[Ti, d] =5^ J dxdx e- 2d 5U MN fC M N = , (5.1) 

where 8^ denotes gauge transformations in this formulation. 

Now the gauge transformation property of Ti is given by the following: 

,MN _ r njMN . x ( xuMN\ _ r ( xuMN 



S(H mjs = LiU m» ^ 5^5Ti luI ") = £t[5n M1 ") , (5.2) 
where a generalized Lie derivative £g is defined in (|2.12p . 

Consider an object W in the generalized metric formulation. The gauge transformation of W can be 
decomposed into two parts: one corresponding to a generalized Lie derivative and the other being 
additional terms. This can be written as 

5^W = C(W + A^W , (5.3) 

so that W is a generalized tensor if and only if A^VK vanishes. 
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Using the same decomposition, 5^K,mn = £>£,K>MN + (A^/C) MN . Then (|5.ip becomes 
= Jdxdx S^e-^SH^KMN + e-^S^SH^KMN + e-^Sn^S^lCi 
= Jdxdx 5^{e- 2d )5n MN K M N + e- 2d C^n MN K MN ^+e- 2d 5U M ^ 
= J dxdxe- 2d 5n MN {AtJC) 



(5.4) 



' MN 



where C^(5TL MN Kmn) = C L dL(^'H MN K-mn) and the gauge transformation property of e~ 2d as a 
density are used for the first two terms in the second line of (|5.4p to vanish. The constraint for 8% is 
given by the equation (4.52) of [5]: 



8H MN = -s M P 5n PQ s N Q . 



(5.5) 



From the definition of the matrix S n = n jv, by lowering indices using t]km and vln, one obtains 

(5.6) 



(5.7) 



SH MN [vkmVln + UkmUln) = . 
Thus, to satisfy (|5.4|) . (A^JC)mn must take the following form: 

( A € /C )a/tv 

for some tensor T ■ In the matrix form, this can be rewritten as 

(A { £) = T+S t TS. 



Vkmvln + HkmHln )T kl = Tmn + S K mTklS l N 



(5.8) 



From this argument, Kmn does not necessarily need to be a generalized tensor. With a detailed 
calculation, we have verified that A^/C takes the form (15.8f) with T given by 



MN 



~a M d N (d ■ + h M a N i ■ dd + ^(d M H L P )H K N d L (d K e - d p u) 



^n p M d L d P i ■ dn L N + i m n\ . 



(5.9) 



Thus A^/C has the claimed form above. 



Now we prove that IZmn is a generalized tensor. This can be shown by verifying the following: 

5{JImn = £(R-mn A{IZ M n = ® ■, (5.10) 

where A^IZmn 1S defined by the decomposition (|5.3|) . Since 5^S M jy = £>^S M n, A^IZmn is given by 

(5.11) 



A^TZ = -(l - 5*)A S /C(1 + 5) + -(1 + 5')A ? /C(1 - 5) 



from the definition of IZmn (|2.10p . Using 5 2 = 1 and the form of A^/C (|5.8p . we obtain the following 
result: 



T+S l TS 

which proves the statement that IZmn is a generalized tensor. 



A e 1Z= -(1 - 5* 

5 4 



1 



(1 + 5) + ^(1 + 5*) 



r + s'rs 



;i-5) = o : 



(5.12) 
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5.2 Explicit check of equivalence between lZ ab and fC pq 
The frame component lZ ab of TZmn is denned by (5.62) of [S]: 

TZ ab = e M a K M Ne N - b . (5.13) 

We will show that TZ ab = —fC ab , where fC ab is defined in (|1.6p . once the GL(D, M) x GL(D, M) symmetry 
is gauge-fixed as follows: 

M ( &ia &ia \ ( £ia &ai 



e a = U e v = U J ■ ( } 

This gauge fixing enables us to compare the results in vielbein formalism with the results written in 
terms of £. Here we will use the identities below. From (4.16) of [5], the generalized metric T~L can be 
rewritten as follows: 

n MN = e M i e N j g i ^ - r, MN . (5.15) 
The calligraphic derivatives in the double field theory are given by 

V a = e M a 8 M , V a = e M - a d M , (5.16) 

which is from (5.58) of [5]. 

Now using the above two identities with some amount of calculation, we obtain the following result 
for all terms containing the dilaton d in (|2.9p : 



p M 



2d M d N d+\{d L d)(U LK d K U M N) - (d L d)(H KL d {M H N)K +U K {M d K H L N) ) 



2 

V a V b d + V b V a d. 



P N - 

b (5.17) 



These coincide (up to a sign) with the dilaton terms in (|1.6p . Other terms in (j2.9|) are calculated term 
by term, which yields the following results: 

\e M a d M H KL d N n KL e N b = -\g kl g mn V a £ km V b £ ln , (5.18) 

8 4 

- \e M adL{U LK d K UMN)e N b = - l -t> k V k £ ab + ^V k £ ai V jb + \{V k £ kl + V k £ lk )V l £ ab , (5.19) 

- \e M ad [M n KL d L U N)K e N - b = \g kl {V a £ lq Di£ kb + V b £ ql V«£ ak ) , (5.20) 

\e M a d L U KL d {M U N)K e N b = ~^\&Si 9 V a S jh + V p £ pl V b £ aj ) , (5.21) 

\e M a H KL d L d M n NK e N b = \v a VP£ pb + -^ l V p £ ]b V a £ lp + \g jl V a £ jb (&>£ lp - V p £ p i\ , (5.22) 

\e M a H KL d L d N U M Ke N - b = \v b f)P£ ap + -^ l V? £ aj V b £ pl - \g 3l V b £ aj (fP£ lp - , (5.23) 

le M a d L U K {M d K H L N) e N b = -lvP£ aq V% b , (5.24) 
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1 M njK o o njL N _ 1 

je a H MOLORTi Are b — - 



V a V p £ pb - y i V a £ jb fvP£ pl + &£ lp 



1 M njK a o njL N 1 

-e aH nOlOrT-l M e b = - 



(5.25) 
(5.26) 



(5.27) 



Then by summing up all the terms, one gets the following result: 

Tl al = -^{V s V s £ ab -V s V a £ sb -V s V b £ as ) + {V b V a d + V a t> b d) 

--^ k {V a £ jb W£ ki + V a £ H V% b ) + ±(&e ib 'D i e aj + &S ab T>iS ji ) 
~g jk V b £ aj T>% k + ^g ik g jl V b £ i:j V a £ kl 

where K, in the form of ()A.9|) is used. Since different forms of K, pq are equivalent up to the constraint, 
1Z ab defined in [5] is exactly our —JC ab . 

5.3 Gauge transformation of K, pg from generalized metric formulation 

The gauge transformation (|4.17p of JC pq was derived in section H] using the gauge invariance of the 
double field theory action (jl.ip . It was also explicitly checked from perturbative and non-perturbative 
calculations. Since we showed that TZ ab = —fC ab after gauge fixing, the gauge transformation of fC pq 
can be derived from the gauge transformation property of lZ ab in the generalized metric formulation. 

Here the gauge transformation properties of lZ ab will be investigated using the property that 1Zmn is 
a generalized tensor. Prom the definition of 1Z ab = e M a lZMNe N b , the gauge transformation of lZ ab can 
be written as 

6K ab = s(e M a )n MN e N b + e^ a s(n MN \^i + e M a n MN s(e N b ) . (5.28) 



Since TZmn is a generalized tensor i.e. 51Zmn = £-{R-mn, the second term of (|5.28p is determined. 
Other terms can be obtained from the gauge transformation of the frame fields. One can write the 
gauge and GL(D,'R.) x GL(D,M) transformations of the frame fields e „ and e N b as follows: 

5e M a = 4e M a + e M c S c a , (5.29) 
6e N b = C i e N - h + e N cTP b . (5.30) 

We need 5e l a = 5e 3 b = in order to preserve the gauge condition. Then the GL(D,M) parameters 
become 

S c a = V a i c - d c L + ~d% k £ ak , (5.31) 

£ c ~ 5 = V b e-b%-~d\ k £ kb . (5.32) 
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Then with a little manipulation, the gauge transformation of lZ ab can be calculated as follows: 

5K al = (c^e M a ) n MN e N - b + e M a (c(R MN ) e N b + e M a TZ MN ^e N b 
+Yl c a TZ cb + H c b 7Z a c 

= d M d M K al + (v a ? - Ha + H k £a^j TZ cl + (v- b e - d% - d^ k £ k ^j K a - C (5.33) 

= ^(^-ab + ^i^-ab + £akT kc TZ cb + £ kb T ck 7l a5 

= c(n al + c~R al + s ak (d i e - d k t i )n lb + s lb {d i e - B k e)n ak - , 

which is the same as the gauge transformation of fC ab since lZ ab = —fC ab . This result from the 
generalized metric formulation is another way to derive the gauge transformation of JC pq . 

6 Conclusions 

In this paper we have thoroughly investigated the invariances and equations of motion in background 
independent double field theory [3]. The Ricci-like tensor JC pq has been derived from the ^-variation 
of the action (jl.ip and is an 0(D,D) covariant tensor. The gauge transformation of IC pq is given by 
(|4.17p and can be also written using 0(D,D) covariant derivatives and parameters (|4.20p . However, 
8K,p q is not an 0(D, D) covariant tensor. Prom the theorem we have constructed, it is a general result 
that the gauge transformation of an 0(D, D) tensor (not a scalar) is not an 0(D, D) tensor. 

Our results were compared with those in General Relativity. Contracted Bianchi identities in double 
field theory, derived from the gauge invariance of the action, have a structure similar to that of General 
Relativity. In the limit of no x dependence, they exactly reduce to the Bianchi identity of General 
Relativity. Similarly, the equations of motion 1Z = and JC pq = reduce to those in a conventional 
GR setup in this limit. 

We examined the gauge transformation property of TZm n and found that it is a generalized tensor us- 
ing the gauge invariance of the action and the gauge transformation of 1C mn ■ Then we investigated the 
equivalence between lZ ab and IC ab . Using these properties, we could derive the gauge transformation 
of ICp q in the generalized metric formulation. 
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A Explicit Calculation of JC pq 



We will vary the action (|2.23[) with respect to £, starting from the last term of the action and proceed 
in the reverse order. Note that all equalities are up to integration by parts here and the constraint 
are used in a few places to simplify terms. 

First by varying the last term of the action (|2.23|) . one can obtain 



5 £ {2e~ 2d V i dV i d) 



2e -2d 
2e~ 2d 



5 £ {g ij )V i dV j d + 5£ lk g ij Vjd(V k d - V k d) 
5£ pq VPdVid + 5£ pq VP(Vid - V*d)d 



(A.l) 



6£ pq e- 2d [- 2VPd V"d ] = 8 e (2e- 2d V i d t>id) . 



All other terms are varied in the same way, hence we do not display detailed calculation for other 
terms. By varying the second and third term in the second line of (|2.23j) . one finds 



6s 



e~ M (V l d V3£ i:j + V l d V^£ji) 



5£ pq C 



(ViVPd + V p Wd) - gUV l d VP£ tj 
gPi-Did t> q £ij + gP k g ql V s d V S £ M + 4V p d V*d 



To evaluate the rest terms now define 

A = e- 2d g ik gi l VP£ kl V p £ l3 , A = e - 2d g ik g^VP£ kl 'D p £ ij , 
B = e- 2d g kl Vi£ ik V% x , C = e~ 2d g u T>i £ k {D%i . 

The variation of the above equations gives the following results: 



5 £ A = 5£ pq e 



-2d 



2g i Pg^V s V s £ ij - cpgi k V*e ik V% j + gP k g^£ i {D'£ i 



'hi 



-gik g jl VP£klV g £ + g pk g il V i £ V 3£ kl + 4gP k gi l V s d V s £ 



kl 



5 £ A = 5£ pq e 



-2d 



2g i Pg^V s V s £ i] - g^g^VP^V'^ + gP k gi l &£ il V i £ l 



-gikgHVP^V^i, + gP k g ql V'£ kl W£ jl + 4gP k g ql V s d V s £ kl 



5 £ B = 5£ pq e~ 2d - 2g" l VWP£ jl - g ik ■gi l VP£ kl V*£ ij - g kl g^V^V^^ 
+g kl giiVP£ ki V i £ lj + g^g^V^VP^ + igV&d VP£ tJ 

5 £ C = 5£ pq e- 2d - 2gP l V j Vi£ lj - g lk g^VP£ kl V q £ tJ + g^g^V^V^ 
-g kl g^VP£ ki V % £ l3 + gP l g^V'^V^ + Ag^Wd W£ tj 
Then the variation of the first four terms of (|2.23j) can be written as 

X - -l(s e A + 8 e Aj + 5 £ B + 5 £ C 



(A.2) 



(A.3) 



(A.4) 



(A.5) 



(A.6) 



(A.7) 



(A. 
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By combining (|X8|) . fO]) . and (|X2|) . one obtains (f2T2^) . 



In section 15.21 the verification of the equivalence 1Z a i = —fC a i used the following definition: 

K pq = lg ip g j9 (v s v s s i:i - v s Vi£ sj - V s v^) - ^^{vpid + v l v J d) 

+ I 9 <V fc (DPS^Ski + VVZ k (b%i) - ^gP k g« l {t> 3 £ a V^£ kj + V'EuP'E,,) (A.9) 

which is the ^-variation of the following action: 

S = J dxdx e~ 2d - jg^^VPEkiDpEij + ±g kl {T^E ik V%x + &£ ki V i £i j ) 
+(p l d V^Eij + T>i£ji) + 4X>'d V { d 



(A.10) 



This action is equivalent to the actions (jl.ip and (|2.23p using the constraint, thus IC pq defined in (jA.9j) 
is equivalent to that defined in (I2.24D . 

B Proof of general 0(D, D) structure of ^-variation 

Before starting the proof, note that the £- variation of Dd, T>d, T>E, T>£, and g 13 satisfy the claimed 
structure in the theorem; we have checked this explicitly. The proof consists of three steps: 

Step I. First we will consider an 0(D, D) tensor T only with lower indices (i.e. no contractions 
of upper and lower indices or raised index with g 13 ). Then we will show that the £ -variation of T has 
the following 0(D,D) structure: 

kT hi2 ... in = (o(D,D) terms') + £ Ue^T^ + £ ^WVi}. 

all unbarred all barred 

indices k indices k 

where Ti^n is the tensor T with index I substituted for index k. 

Before starting the proof, note that one can always use a reordering operation for the indices of a 
tensor T to define the following tensor: 

where indices i k can be either unbarred or barred and m + I = n. This reordering operation sends all 
unbarred indices of T to the front. Then for this tensor T, the formula (jB.ip becomes 

5 ^h-j m ~h-~h = Yl 2 St:j:, ' ! '' 1 1 ' " • 1 3k+v3i + Yl 2 ' 1 ik+vii + " ' ' (B.3) 
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where dots indicate 0(D,D) covariant terms. If the tensor Ti^— i„ only consists of T>d, T>d, T>£, and 
T>£, then the tensor automatically satisfy the formula (jB.ip . Now the only other possibility of forming 
an 0(D, D) tensor is to include covariant derivatives V and V. We will prove that this type of tensor 
also obeys the formula (jB.ip by induction. 

Suppose that a tensor T satisfies the formula (jB.ip . After reordering, consider the following vari- 
ation: 

fis^iTj 1 j 2 ...j m j 1 j 2 ...j l = ') 1 j j- .ir j j.- ii + ^i(^sTj 1 j 2 ...j m j 1 j 2 ...j l J , (B.4) 

where (feVi) means the ^-variation of the calligraphic derivative and Christoffel-like symbols in the 
0(D,D) covariant derivative V. The variation (|B.4p sums up to 



^if hh ... jmKj2 ... 3l = (o(D, D) terms) + ^£< 9 ^V,f + £ ^W^iiW*} 



.11: 



(B.5) 



jk 

which satisfies the formula (|B.3p . Thus 5fVjT satisfies the formula (jB.ip by reordering the indices. 

For V, we can apply the same procedure and the results satisfy the formula (jB.ip . 
Since T only consisting of T>d, T>d, T>£, and T>£ satisfies the formula (jB.ip . VjT also satisfies (jB.ll) 
for such T. Then the ^-variation of any 0(D, D) tensor T only with lower indices satisfies (jB.ip by 
induction. Note that in this step we did not include any contraction between indices. 

Step II. In this step we will show that any 0{D, D) contraction (i.e. contraction with g lJ and 
g lJ ) of the lower indices does not change the claimed structure. Here we will assume that a tensor T 
with only lower indices satisfy the formula (jB.ip . Consider some 0(D,D) contraction between two 
indices of T. Using reordering operation, we can rearrange these two indices to be the first two indices. 
Then the variation of this contraction gives (for unbarred indices and barred indices respectively) 

V},,.... = (0(D, D) terms) + £ \sS iM g ql (V*^}) + £ \b£ f ^ 1 (V fc %^ } ) , (B.6) 

jk jk 

... = [0(D, D) terms) + £ \se jM ^ (? ik f {jk ^ l} ) + £ l -5£ p3k g? 1 , (B.7) 

3k jk 

which satisfy the formula (jB.ip . Note that since Vg*- 7 = V</ y = Vg 1 - 5 = Vg 13 = 0, any contraction 
inside covariant derivatives does not affect this formula. 

i' i' —i' 

Step III. Here consider a general 0(D,D) tensor T^ ^^ 1 '. Using a reordering operation, one can 
define 



jlh-jmjlh-Jn ~ ilte—il ' 
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where ik, i' k can be either unbarred and barred and m + n = I, m! + n' = I' . This reordering operation 
is defined in a similar way to ()B.2p . Then we can write this tensor as follows: 



q.kxki-k^kyki-j-k^ _ fe lS i fc 2 s 2 . . . a k m ,s m , fcisi . . . Q K' s n'f* - - 

hh-jmhh-in y y y y y ji~jmsi~s m ,ji~j n si-s n , 

The variation of this tensor is given by 

■ n k\k2---k ,k\ki- -k,.i \ \ 1 



(B.9) 



SeT 



0(D, D) terms j + £ ±S£ jkg g<* l f {j ^ l} + £ ^ fc ^%_>o 

1 ifc 1 ifc (B.10) 

ki 

By recovering the order of indices using reordering operation, one can easily see that this gives the 
formula (IZ20]l . 



C Equation of motions and Bianchi identity in a conventional 
setup 



GR 



In a conventional GR setup, the action is written in terms of metric, -ff-field, and dilaton as 



S 



-ge 



-20 



The variation of the action with respect to g lJ , b^, and <fi are 



5 g S 



s b s 

8j,S 



-ge 



-ge 



Rij - \gi 3 R + 2 ( - 9ij V 2 ^ + Vi Vj> + gij (d<p) 2 

1 

6 
1 



R + 4 V 



(d</>) : 



12 



The gauge transformations of bij and </> are as follows, respectively: 



'■3 



-v'e - v j e , sb^ = H ijk z k + - djti , 5^ = ee^ . 



Then using the integration by parts, the total variation of the action is 



5S 



-ge 



-20 J tj 



12 



1. 



Using (|3.12j) and (|3.13j) . this total variation gives the following Bianchi identity: 



5S 



-ge 



V'fly - -VjR 



V*R ij --V j R = 0. 



Note that the introduction of H-Reld and dilaton does not modify the Bianchi identity. 



(C.l) 



(C.2) 



(C.3) 



(C.4) 



(C.5) 
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